Theory of the observations made of high-order rainbows from a single water droplet
James A. Lock Over a dozen rainbows have been observed in a single water droplet. They appear as glare spots on the water droplet which take on coloration at the appropriate rainbow angles. The appearance of rainbows as colored glare spots in this situation is understood in terms of the caustics created in the vicinity of the droplet by the refracting light rays. The angular positions of the glare spots are understood in terms of the Fourier transform of the geometric scattering amplitude. The rainbow glare spots are also found to appear numerically in the Fourier transform of the Mie scattered fields. An additional glare spot produced by rays at grazing incidence and not attributable to geometric optics also appears numerically in the Fourier transformed Mie fields.
I. Introduction and Qualitative Treatment
Despite the occasional accounts of the observation of the third-order rainbow,' it is commonly believed that only the first-and second-order rainbows are visible in the atmosphere. 2 3 This belief is supported, at least for spherical raindrops, by Mie scattering calculations in which the first-and second-order rainbows along with their supernumeraries prominently appear in the scattered intensity, but the third-and fourth-order rainbows are buried in the forward hemisphere diffracted and/or directly transmitted light.4 8 The situation is quite different for observations made on a single water droplet where at least thirteen rainbows have been seen. 9 -11 The rainbows observed from a single water droplet do not appear as arcs of color in the sky but rather as glarelike spots of color on the surface of the droplet itself. It is the purpose of this paper to understand the formation of these rainbow glare spots using Mie scattering theory and the results of the complex angular momentum theory for high frequency scattering.
In the Descartes ray tracing theory of the rainbow, parallel rays of sunlight enter a water droplet and are reflected within it a number of times before leaving the droplet. The angular deviation of an incident ray caused by this refraction-multiple reflection-refraction process possesses a relative maximum or minimum for one of the rays. This is known as the rainbow ray, and its exit angle is the angle at which the rainbow occurs in the Descartes theory. To one side of the angle is a shadow region into which no rays emerge.
The superposition of the shadow regions associated with the first-and second-order rainbows forms the well-known Alexander's dark band. To the other side of the rainbow angle is a lit region where the scattered rays fold back over on themselves producing the supernumerary interference pattern adjacent to the main rainbow.
Tricker and Walker have observed and described the appearance of a rainbow from single droplet of water as the observer moves from the lit region on one side of the rainbow angle to the shadow region on the other side. 1 2 They find that in the lit region far from the rainbow angle there is a single white glare spot, hereafter called Ra, seeming to originate on the rear surface of the droplet. As the observer moves toward the rainbow angle, Ra moves along the rear surface of the droplet toward the edge. At some observer angle another white glare spot, hereafter called Rb, appears on the edge of the droplet. As the observer continues toward the rainbow angle, Ra and Rb move toward each other, Ra along the rear surface of the droplet and Rb along the front surface. On moving through the rainbow angle, Ra and Rb merge and take on color, at first blue, then green, yellow, orange, and finally red. As the observer moves into the shadow region, the glare spots disappear.
In addition, there are brighter glare spots on the surface of the droplet due to rays directly reflecting from the surface G and rays transmitted through the where droplet and partially focused by it T. These brighter glare spots often partially obscure the visibility of the rainbow glare spots Ra and Rb. This partial obscuring occurs for the third-and fourth-order rainbows and has been credited as being one cause of their supposed invisibility in the atmosphere.
These observations are qualitatively understood in terms of the caustic surfaces formed in the neighborhood of the droplet by the exiting light rays and in terms of the focusing properties of the eye. Half of the exiting rays in the lit region form a real caustic beginning near the droplet surface and ending on the rainbow ray.1 3 The other half of the rays if traced backward forms a virtual caustic beginning on the rear side of the droplet and extending infinitely far back from it with the extension of the rainbow ray as an asymptote. Because the caustics are the envelopes of the virtual or real intersection points of the light rays reaching the observer in the lit region, points on the caustics act as the virtual or real sources of the glare spots Ra and Rb. As the observer moves through the lit region, the source points move along the caustics. Since the caustics begin on the droplet, the glare spots are usually observed as being on or near the droplet as well. If the observer is far enough into the lit region, rays from only the virtual caustic reach him, and he sees only the Ra glare spot. As he approaches the rainbow angle, both caustics approach the same asymptote, and as a result the sources of the two glare spots approach the same line of sight.
To determine the role of the focusing properties of the eye on the observation of high-order rainbows from a droplet of water, consider the situation where the size of the eye is small enough so that as the observer moves from the lit region to the shadow region of a high-order rainbow, the scattered light reaching him is approximately confined to a single plane. If the observer stands at the scattering angle 00 a distance R from the droplet of radius a, and the pupil of the eye subtends an angle O as in Fig. 1 , the electric field at a position xr on the retina of a well-focused eye is
If the pupil subtends a large angle Ow as would be the case when examining a single water droplet at a close distance, F,(a) approaches a -function, and the observed field becomes FMie(p,0o) only minimally blurred by the wide pupil aperture. On the other hand, if the observer is a great distance away from the water droplets falling in a rain shower, Ow -> 0, the pupil diffractive effects spread and completely obscure the structure of FMie(p -a, 00), and the observed field becomes proportional to EMie(O0O). Thus, when the observer is far from the droplet, he sees the Mie scattered intensity. On the other hand, when he is close to the droplet, he sees the square of the Fourier transform of the Mie scattered electric field.
This may be applied to the situation when the observer is standing in the supernumerary region of a rainbow. As seen above, in this region there are two effective light sources located on the real and virtual caustics. Their interference pattern at the position of the observer has a sinusoidal spatial periodicity. This is the supernumerary interference pattern. Its spatial variation is slow close to the rainbow and is rapid far from the rainbow. 5 1 4 The eye performs a Fourier transform of the field incident on it and converts the supernumerary interference pattern into its two component spatial frequencies, widely separated far from the rainbow and close together near the rainbow. These two spatial frequencies are the glare spots, Ra and Rb, the images of the effective sources on the caustics. In this region the spatial distribution of the observed glare spots is both the image of the effective sources and the Fourier transform of the source's interference pattern at the eye lens.
The Fourier transforming property of the eye may also provide a reason for the occasional reported obser- 
vation of the third-order rainbow in the atmosphere. In the Mie scattered intensity, the third-order rainbow signal is buried in the much stronger forward hemisphere diffractive peak, which we can consider to be noise. However, since the third-order rainbow signal and the diffractive noise have different spatial periodicities, they become separated in the Fourier domain. This separation of the rainbow glare spots Ra and Rb from the reflected and transmitted glare spots G and T is the reason that higher-order rainbows are visible in a single droplet of water and may contribute to their possible visibility in a nearby rain shower.15 One can also relate these observations to the photodetector signals obtained in the operation of a polar nephelometer.1 6 This device employs receiving optics to focus the scattered light intensity obtained over a certain angular interval onto a photocell. Parseval's theorem for conservation of energy applied to the Fourier transform pair f(x) and F(p)' 7 gives dp IF(p)1
EdP =r E (8) Because the photocell records only the signal integrated over its sensitive area and not the functional dependence of the signal along the sensitive area, the photocell signal is proportional to the Mie intensity integrated over the angular extent of the receiving optics independent of whether the detector is near or far from the source of the scattered light.18 where n is the index of refraction of the sphere,
and 01 and 02 are the angles of incidence and refraction of the ray exiting in the 0 direction, which are related by Snell's law:
Glare Spots and the Complex Angular Momentum Theory for High-Frequency Scattering
In the limit a/X >> 1, each partial wave of the Mie infinite series expansion of the electric field scattered from a sphere may itself be rewritten as an infinite series of interactions of light rays with the surface of the sphere. The double series may then be rearranged
m=O where m + 1 is the number of times a light ray reflects or refracts from the sphere surface. The m = 0 term corresponds to direct reflection, m = 1 to transmission, and m 2 2 to multiple reflections within the sphere which produce rainbows. Each Em(O) term can be converted from a sum over partial waves to an integral over the impact parameter. Each resulting integrand is dominated by a number of saddle points and poles in the complex plane. The saddle point contributions to the integrals correspond to geometric rays, and the residue pole contributions correspond to diffractive effects produced by surface waves.19 20 The saddle point contribution to Em(0) is of the form
where Am (8) orward scattering, the transmitted glare spot appears at the center of the droplet. As the observer moves toward the scattering angle at which the edge rays are critically refracted within the droplet, (25) the location of the glare spot moves toward the other edge of the droplet, p = P3. As can be seen in Fig. 3 for the first rainbow, the glare spot R(') appears at the center of the droplet in the backscattering geometry. As O0 decreases, RI) moves toward the p = 3 edge of the droplet. At the first rainbow critical angle, 
ct (40) = [d
O(i) = 2r -4 sin4 ' 1 (26) the other glare spot RW') appears at the p = fi edge. As 00 further decreases, the two glare spots approach each other and merge at the spatial frequency 1 (
at the first-order rainbow angle, and 6 (x) is the Fresnel integral
The contribution of the geometrical rays to the observed field takes the form of a series of glare spots centered on the retinal positions Pm = k'm(0o) (20) for m >Ž 0. The glare spots have the shapes of Fresnel diffraction patterns, and their intensities are proportional to Am(0o)12. By substituting Eq. (11) into Eq. (20) , the reflected glare spot has the spatial frequency
and the transmitted and rainbow glare spots have the spatial frequencies
The behavior of the m 3 rainbow glare spots is similar. Since in most conditions the total scattering amplitude is dominated by the contribution provided by the geometric ray amplitude, the observations made on a single water droplet and the identification of the glare spots seen on it provide an intuitive way to judge which terms of Eq. (9) are most important in the approximation of the Mie scattered field at a given observation angle.
Ill. Glare Spots and Mie Scattering Theory
The Mie scattered fields and their Fourier transforms were calculated for the parameters a = 0.75 mm, n = 1.343, X = 0.42 ,um. (22) where 0 is related to the total deflection angle 0 by
For the transmitted ray, Eq. (23) is quadratic in sin0l and may be solved to give
For the various order rainbows, Eq. (23) must be solved numerically. For the first-order rainbow and an index of refraction of n = 1.343, the numerical solution to Eq. (23) may be substituted into Eq. (22) to give the spatial frequencies of the rainbow glare spots shown in Fig. 3 . These spatial frequencies behave in the expected way. The reflected glare spot G appears at the edge of the droplet, p = -f3, for the forward-scattering geometry. As the observer moves around the droplet toward the backscattering geometry, the location of the glare spot moves toward the center of the droplet, p = 0. At The droplet radius is the same as that employed in the experimental observations of Walker. 9 At the red end of the visible spectrum, the third-and fourth-order rainbows nearly overlap. At the blue end, they are separated by about 100. Since the purpose of this calculation was to extract the third-order rainbow from the directly transmitted light intensity and the light reflected from the surface, the wavelength at the blue end of the visible spectrum given in Eq. (31) was employed. The angular interval 0. = 4.60 (32) was chosen to ensure that Eq. (15) was satisfied and to ensure that the diffractive effects of F 8 (a) in Eq. (4) were minimal. The Mie intensity 2 4 in the vicinity of the third-order rainbow for initially unpolarized light is given in Fig. 4 . The Fourier transform spectra 2 4 A and OR correspond to the Airy rainbow angle and the geometric rainbow angle, respectively. 00 =37.66°L There is a curious feature of the Mie Fourier spectra that appears only near the critical angle for the m = 1 transmitted ray or near the critical angles for the m > 2 rainbow rays. According to Eq. (25) for n = 1.343, the critical angle for transmission occurs at 0(T) = 83.750. The Fourier spectrum for 00 = 80.30, just to the lit side of the critically refracted ray, is given in Fig. 12 . In this figure, the glare spots G, T, R(2), R , and R( 4 ) appear at the locations predicted by the geometrical amplitude. The geometrical rays producing these glare spots at 00 = 80.3° are indicated in Figs. 13 and 14 . In addition, a weak glare spot J that is unexplained in terms of geometric optics occurs at the p =-fl edge of the droplet in Fig. 12 . It is found to occur only for angles 0 near the critical angle. On deleting various partial waves from the Mie series, it was found that this nongeometrical peak, as well as the T glare spot which it appears in conjunction with, is produced by the partial waves corresponding to the rays which graze the edge of the sphere. Similar nongeometrical peaks were numerically found near the first-, second-, and third-order rainbow critical angles as well. In every case they occur on the side of the droplet opposite to the corresponding critically refracted geometrical ray. If the nongeometrical peak were the Fourier transform of an appropriate scattering amplitude, the phase of that amplitude would have been ¢knongeometric (0) =-23(mn cosO 2 -cosO 1 ), (33) representing a phase advance rather than the usual phase delay associated with the m 2 1 refracting rays. The path of such a phase advanced ray is shown in Fig.  15 . However, the physical mechanism responsible for 5296 APPLIED the J peak of Fig. 12 is presently unclear since the nongeometric contribution to the scattering amplitude in the complex angular momentum analysis, the first and fourth quadrant residue poles, correspond to surface waves circulating around the droplet in the same sense as the grazing incident ray. 2 5 
IV. Conclusions
The Mie infinite series of partial waves is the exact solution to the problem of the scattering of plane electromagnetic waves from a sphere. Being the exact solution, all the scattering effects that can possibly occur are hidden somewhere or another in the Mie amplitude. The big problem has always been that it is hard to extract information out of it since the Mie series is not expressed in a simple or transparent form. It is pleasing to see in this case that the experimental observations on a single water droplet can be understood by Fourier transforming the Mie fields. This reflects the fact that if many signals, each with its own periodicity, are superposed in the spatial domain, they become separated in the Fourier domain. The complex angular momentum theory used in conjunction with the Mie results helps to determine the extent to which the behavior of the glare spots is determined by geometrical considerations and the extent to which other considerations may contribute.
